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The present work investigates the correlation between the velocity and the temperature field in wall
turbulence using direct numerical simulation of turbulent channel flow and plane Couette flow in con-
junction with a Lagrangian method. Characteristic length scales for heat transfer are calculated for fluids
with Prandtl numbers between 0.1 and 100. Structures of larger scales are found to contribute to the
transport of heat as the distance from the wall increases. Turbulent Prandtl numbers are then calculated,
showing that the turbulent Prandtl number is a function of the distance from the wall, but it does not
depend on the fluid Prandtl number for high Prandtl numbers.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Turbulent channel flows have been investigated using numerical
methods and results have been reported by several researchers dur-
ing the last two decades due to the fast development of high end
computing systems. In the review by Robinson [1], coherent mo-
tions, or the narrow streaks of velocity in the viscous sublayer
and buffer region, were found to be responsible for the maintenance
of turbulence in turbulent boundary layers. Recently, these coher-
ent motions and hairpin vortex structures were possible to study
at higher Reynolds number [2–12]. The significance of turbulence
structure in the near-wall region in turbulent heat transport away
from the wall has been explored both experimentally and numeri-
cally. Results indicate that large-scale motions may dominate tur-
bulent transport in all regions except the very near-wall layer [9].
However, the mechanism of passive heat transfer away from the
wall has still not been explored and interpreted clearly.

There is some speculation about the correlation between the
velocity structure and the temperature field [2,3,6]. Kawamura
et al. investigated how the turbulent flow affects heat transfer
[13,14]. The instantaneous flow and thermal fields were visualized
using direct numerical simulations in order to investigate the
structure of streaks and vortices for low Prandtl number, Pr, fluids
in turbulent channel flow. It was found that large-scale structures
affect the surface heat-flux fluctuations and that the surface heat-
flux fluctuations are similar to the streamwise wall shear-stress
fluctuations, while a noticeable dissimilarity was observed for
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large positive or negative fluctuations. Kasagi and Ohtsubo [15]
presented low and high temperature regions, as well as the fluctu-
ating velocity vectors that are associated with these regions. They
showed that there was some correlation between the velocity field
and the thermal field. The magnitude of the velocity fluctuations
was higher at low temperature regions. Furthermore, the contours
of the magnitude of these vectors were related to the shape and
size of the thermal regions. These prior investigations have found
that the velocity and the temperature streaks show a strong resem-
blance to each other, but they do not describe how the heat can be
carried by the vortices into the flow.

The contribution of the present work is to provide a physical
picture of the kinematics of the mechanism of heat transfer from
the wall and to investigate the importance of the velocity structure
at the wall by using a Lagrangian method (Lagrangian scalar track-
ing, LST) coupled with a direct numerical simulation (DNS) of tur-
bulent channel and plane Couette flow for a range of Prandtl
numbers. The velocity structure and the thermal field for fluids
with Prandtl number, Pr, between 0.1 and 100, as well as the case
of dispersion of simple fluid particles, were studied and visualized
to explore the correlation between them. Particles representing
heat markers that are released from a single line source located
at the channel wall were also tracked and studied downstream
from the point of release, in order to investigate how eddies can
carry these heat markers away from the wall.

Turbulent transport results using the DNS/LST method
published previously from our research group in plane channel
flow [16–19] and in plane Couette flow [20,21] for a range of Pr
from 0.1 to 50,000 have shown agreement with data obtained with
Eulerian methods in other laboratories. In this present work, the
characteristic length scales for momentum transfer and for scalar
transfer are calculated for different Prandtl number fluids across
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Nomenclature

C scalar profile
c0 fluctuation
Cp specific heat at constant pressure
Ev eddy viscosity
Ea eddy diffusivity
h half-height of the channel in viscous wall units
LM length scale characterizing the motion of fluid particles
LT length scale characterizing the motion of heat markers,

defined in Eq. (9)
lM mixing length of momentum in viscous wall units
lT scalar mixing length in viscous wall units
Ny, Nz numbers of bins in the y and z directions
P1 conditional probability for a marker to be at a location

(x, y, z) at time t, given that it was released at a known
time from a known location

P2 joint probability for a marker to be at a location (y, z)
Pr Prandtl number, Pr = m/a
Prs turbulent Prandtl number, Prs = Ev/Ea
qw heat flux from the wall
Re Reynolds number, Re = Uch/m
RTT two-point correlation coefficient
T temperature
T * friction temperature, T * = qw/(qCpu*)
hv 0 turbulent heat flux in the normal direction
t time in viscous wall units
to, tf initial and final time of tracking markers in viscous wall

units
t1 time at which more than 2000 heat markers are cap-

tured at 140 < x � xo < 160

U velocity
Uc centerline mean velocity
u* friction velocity, u* = (sw/q)1/2

u0v 0 Reynolds stress
u0, v0 velocity fluctuations in the streamwise and normal

directions
~V Lagrangian velocity vector
x, y, z streamwise, normal and spanwise coordinates
xf final streamwise position of tracking markers

Greek symbols
a thermal diffusivity
d average thickness of heat marker clouds that transfer

heat from the wall
Dt time step
h temperature fluctuation
m kinematic viscosity
p trigonometric pi (p = 3.14159. . .)
q fluid density
r standard deviation of a probability density function
s shear stress

Superscripts and subscripts
ðÞ average value
~ðÞ vector quantity

()* friction value
()o value at the instant of marker release
()w value at the wall of the channel
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the channel. Similarly to the model of Crimaldi et al. [22], the
turbulent Prandtl number can be calculated by finding the ratio
of the turbulent length scales.

2. Length scales and turbulent Prandtl number – background

The turbulent Prandtl number, Prs, is a measure of the relative
rate of mixing of momentum and a scalar quantity at a given
location in the flow. It plays a crucial role in modeling turbulent
transport. Quoting from Churchill [23]: ‘‘the development of a
comprehensive predictive or correlative expression for the turbu-
lent Prandtl number is the principal remaining challenge with
respect to the prediction of turbulent forced convection.” How-
ever, the turbulent Prandtl number is still calculated approxi-
mately, and available models for its prediction vary a great
deal. The simplest model for Prs is the Reynolds analogy [24],
which yields a Prs of 1. Reported experimental data indicate that
the value of Prs is 0.85 [25,26], but ranging from 0.7 to 0.9
depending on the fluid in question. The most often used model
is Kay’s model [27]. Churchill and Chan [28] modified Kay’s for-
mula based on turbulence scaling that is defined by the fraction
of heat flux due to turbulence, instead of the conventional vis-
cous scaling.

Crimaldi et al. [22] proposed a model based on simple knowl-
edge of the geometric and kinematic nature of the momentum
and scalar boundary conditions. They utilized the concept of a
hypothetical ‘‘mixing length” proposed by Prandtl. This model re-
lates the Reynolds stress to the mean velocity gradient through
the relationship

u0v 0 ¼ �l2
M
@U
@y

�����
�����
@U
@y

ð1Þ
where lM is an assumed mixing length of momentum. They modeled
the behavior of the vertical scalar flux hv 0 in terms of a scalar mixing
length as follows:

hv 0 ¼ �lM
@U
@y

lT
@T
@y

ð2Þ

where lT is the scalar mixing length. The turbulent Prandtl number
was then calculated as

Prs �
Ev

Ea
¼ u0v 0=ð@U=@yÞ

hv 0=ð@T=@yÞ
¼ lM

lT
ð3Þ
3. Methodology

3.1. Lagrangian scalar tracking

The study of heat and mass transfer using the DNS/LST method-
ology can be found in several prior publications [16–21,29–31].
The basic concept of Lagrangian scalar tracking (LST) is that passive
scalar transport in turbulent flow is the result of the combined
behavior of an infinite number of continuous sources of heat or
mass markers. For the present study, the trajectories of heat mark-
ers in the flow field created by a DNS were calculated using the
tracking algorithm of Kontomaris et al. [32]. The marker motion
was decomposed into a convective part and a molecular diffusion
part. The convective part was calculated from the fluid velocity
at the marker position yielding for the equation of particle motion
~Vð~xo; tÞ ¼ @~xð~xo ;tÞ

@t , where the Lagrangian velocity of a marker released
at location ~xo is given as ~Vð~xo; tÞ ¼ ~U½~xð~xo; tÞ; t� ð~U is the Eulerian
velocity of the fluid at the location of the marker at time t). The
effect of molecular diffusion was calculated following Einstein’s
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theory for Brownian motion; the diffusion effect was simulated by
adding a 3D random walk on the particle motion at the end of
every convection step. The size of the random jump in each one
of the three space directions took values from a Gaussian distribu-
tion with zero mean and a standard deviation of r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Dt=Pr

p
in

viscous wall units. (It is customary in wall turbulence to make
quantities dimensionless using the friction velocity, u*, and friction
temperature, T*, at the wall. Quantities made dimensionless in this
manner are defined as ‘‘wall” or ‘‘viscous” quantities. All quantities
in this work are expressed in viscous wall units unless otherwise
specified.) Effects of Pr on the process can thus be studied by mod-
ifying r. This allows the LST methodology to simulate fluids within
an extensive range of Pr.

3.2. Direct numerical simulations

DNS has proven to be a successful and useful methodology to
study heat transfer in turbulent flows [14,33–37]. In the present
work, the flow was for an incompressible Newtonian fluid with
constant physical properties. In the case of channel flow, the flow
was driven by a constant mean pressure gradient, and for the case
of plane Couette flow it was driven by the shear of the walls of the
channel that move in opposite directions. The Reynolds number,
defined with the centerline mean velocity and the half-height of
the channel for the Poiseuille flow channel, and defined with half
the velocity difference between the two walls and the half channel
height for the Couette flow channel, was 2660 for both. For the
Poiseuille channel, the simulation was conducted on a 128 �
65 � 128 grid in x, y, z, and the dimensions of the computational
box were 4ph � 2h � 2ph, where h = 150 in viscous wall units.
For the Couette flow channel, the simulation was conducted on a
256 � 65 � 128 grid, and the dimensions of the computational
box were 8ph � 2h � 2ph, where h = 153. The flow was regarded
as periodic in the x and z directions, with the periodicity lengths
equal to the dimensions of the computational box in these direc-
tions. The DNS used here is based on the pseudospectral algorithm
by Lyons et al. [34] that has been validated previously [34,38,39].
The time step for the calculations of the hydrodynamic field and
the Lagrangian tracking was Dt = 0.25 and Dt = 0.2 for the Poiseu-
ille and Couette flow channels, respectively.

The behavior of a scalar line source was determined by follow-
ing the paths of many scalar markers in the flow field created by
the DNS. Both the channel and Couette flow simulations were first
allowed to reach a stationary state before the heat markers were
released. The simulated cases were for Pr = 0.1, 0.7, 6, 10, 100
and for the case of fluid particles, i.e., markers that do not exhibit
the Brownian motion at the end of each time step. In plane Poiseu-
ille flow, 16,129 particles were released for every simulation run.
In plane Couette flow, where the computational domain is longer,
145,161 particles were released instantaneously at yo = 0. In the
case of fluid particles, the point of release was two viscous wall
units away from the wall (yo = 2), since particles without Brownian
motion (and, thus, without a jump in the y direction) cannot escape
the wall, where the fluid velocity is zero in all directions. The sim-
ulations were allowed to run up to the time when the average of
the normal positions of the cloud is 75, which is equal to h/2, be-
cause we wanted to focus on the transfer of heat from the wall.
The final simulation time for Pr = 0.1, 0.7, 6, 10 is 500 and for
Pr = 100 is 1000. Six different runs were conducted for each type
of flow and for each Pr, in order to obtain meaningful statistics
for the calculated quantities. Each one of these six runs was initi-
ated with a different initial velocity field at stationary state, and
each of the initial velocity fields was taken at different times, so
that the time difference between them was longer than the Euleri-
an integral time scale.
4. Results and discussion

4.1. Mechanism of heat transfer away from the wall

The behavior of an instantaneous line source of markers located
at the wall of the channel can be described by the probability den-
sity function P1ð~x; tj~xo; toÞ, of a marker to be at a location = (x, y, z)
in the flow field at time t, given that it was released at location
~xo ¼ ðxo; yo; zoÞ at time to. This probability can be interpreted phys-
ically as temperature or as concentration [30,40], and thus as a
snapshot of a cloud of contaminants released instantaneously from
~xo.

The behavior of a continuous line source located at xo that emits
markers from time to to time tf can be calculated by integrating (or,
in the discrete case, summing up) the probability density function
P1 as follows:

P2ðx; y; z; tf jxo; toÞ ¼
Xtf

t¼to

P1ð~x; tj~xo; toÞ ð4Þ

where tf is the final time of integration. This probability function P2

represents the temperature profile downstream from the source. An
average temperature was then calculated as a function of normal
position by averaging P2 in the streamwise direction, representing
the temperature profile (or in the case of mass transfer the concen-
tration profile) projected in the y–z plane, as follows:

Cðy; zÞ ¼
Xxf

x¼xo

P2ðx; y; z; tf jxo; toÞ ð5Þ

Since our simulation followed a finite number of heat markers, the
y–z cross-section of the channel was divided into uniform, rectan-
gular bins with Ny = 300 bins in the y direction and Nz = 100 bins
in the z direction. An average temperature was then calculated as
a function of normal position by averaging C in the spanwise
direction

CðyÞ ¼ 1
Nz

XNz

i¼1

Cðy; ziÞ ð6Þ

where zi is the z location of the center of bin i. A fluctuation, defined
as C at a (y, z) point minus the z-averaged value of C at that normal
location, marks a hot streak if the fluctuation is positive, and it
marks the location of a cold streak if the fluctuation has a negative
value. The locations of these hot and cold streaks can be found by
calculating this fluctuation as

c0ðy; zÞ ¼ Cðy; zÞ � CðyÞ ð7Þ

Since C is an average over the x direction, contours of c0 calculated
from Eq. (7) show that the particles are distributed uniformly across
the channel (i.e., in the y–z plane) as time progresses. The fluctua-
tion contour plots for both plane channel and plane Couette flow
do not show any structure of hot or cold regions.

The same analysis was repeated for a subset of the heat mark-
ers. This subset included only markers that have positive velocity
in the vertical direction (v0 > 0), i.e., only the markers that are mov-
ing away from the bottom wall. These are the markers that transfer
heat away from the wall region, and contribute to the generation of
turbulent heat flux. The same analysis was also done for the subset
of markers that are moving towards the bottom wall (v0 < 0). The
fluctuation contour plots for the markers with v0 > 0 are shown in
Fig. 1(a) and (b) for Pr = 0.7 and Pr = 100, respectively. As expected,
particles move faster into the flow field for lower Pr due to higher
molecular diffusivity. Both figures show an overall resemblance to
the case with fluid particles released at yo = 2, shown in Fig. 1(c).
This agrees with findings by Kawamura et al. [13,14] and Kasagi



Fig. 1. Contour plot of the fluctuations of the heat marker concentration given that the markers are moving away from the wall (v0 > 0) in plane channel flow at t = 500 for: (a)
Pr = 0.7, (b) Pr = 100, (c) fluid particles.
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et al. [33] that thermal streaks exist and that momentum streaks
are related to the thermal streaks.

In order to further explore the momentum-heat correlation,
transport in a different velocity field (Couette flow) was simulated.
In plane Couette flow, the contour plots of fluctuations of particle
concentration that are moving away from the wall also show the
resemblance between the thermal field and the velocity structure.
The contour plots of temperature fluctuations for markers moving
away from the wall are shown in Fig. 2 for (a) Pr = 0.7, (b) Pr = 100,
and (c) fluid particles. Plane Couette flow exhibits a different veloc-
ity structure from plane channel flow, due to the different mecha-
nism that generates the flow. In plane channel flow, many small
eddies are present at the wall. In plane Couette flow, it is common
to observe large, streamwise-oriented vortical structures that ex-
tend longer than eddies in Poiseuille channel flow. As a result,
the thermal field also shows structures that extend through the
height of the channel. Similar observations were done for the case
of markers with v0 < 0 (not shown here).

The picture that emerges from Figs. 1 and 2, i.e., that velocity
eddies contribute to the transfer of heat from the wall acting as



Fig. 2. Contour plot of the fluctuations of the heat marker concentration given that the markers are moving towards from the wall (v0 > 0) in plane Couette flow at t = 500 for:
(a) Pr = 0.7, (b) Pr = 100, (c) fluid particles.
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‘‘pumps” of heat, needs to be further investigated. How do individ-
ual eddies transfer heat, and is the whole eddy structure contribut-
ing to transfer or only the perimeter of the eddies? Do all eddies
contribute equally? In order to elucidate the mechanism of heat
transfer away from the wall, 100,000 particles were released from
a single instantaneous line source located on the Poiseuille channel
wall. The runs were repeated using different velocity fields to ob-
tain better statistics for each Pr case. The velocities and trajectories
of the particles were stored. We then focused at a distance down-
stream of the instantaneous source equal to the channel half-
height. This is a distance at which, on average, the heat markers
move out of the thermal sublayer and enter the log-layer [17].
Therefore, we captured the velocities and locations of particles that
are moving through the thin interval 140 6 x � xo 6 160 (this is
equivalent to observing a swarm of markers that are passing by a
stationary window of observation as time elapses). The time t1, at
which the line source behavior for each Pr is studied, is different.
It is the time at which at least 2000 markers were captured moving
through the window 140 6 x � xo 6 160. As Pr increases, the heat
markers have smaller molecular diffusion, they move towards
the outer flow region slower, and therefore, they have on average
smaller streamwise velocity and it takes longer for the heat mark-
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ers to move to the same streamwise distance. Times of capture and
numbers of markers captured are presented in Table 1.

The locations of the particles moving away from the bottom
wall are shown in Fig. 3(a) and the locations of the particles mov-
ing toward the bottom wall at the downstream location
140 6 x � xo 6 160 are shown in Fig. 3(b). There are approximately
6% of the total number of markers present for Pr = 0.7. The corre-
sponding figures for Pr = 100 are Fig. 4(a and b). The markers that
are moving away from the bottom wall mark the location of
hv 0 > 0 events, since they indicate heat transferred from the hot
wall by v0 > 0 fluctuations. These quadrant one events (in the h–v0

space) are producers of turbulent heat flux. Similarly, particles that
are moving towards the bottom wall mark the location of quadrant
three events in the h–v0 space, since they indicate heat transferred
to the wall from the center of the channel by v0 < 0 fluctuations.
These events are also producers of turbulent heat flux. As the Pr in-
creases, the thickness of individual clouds of markers indicating
quadrant one events decreases, indicating that a different part of
a velocity eddy contributes to turbulent heat transfer for different
Pr fluids.

The average thickness of the clouds of markers was calculated
and presented in Fig. 5 for different distances from the wall
(y = 2, 5, and 10). The values are also reported in Table 1. At a high-
er normal location, the average thickness is higher for low Pr num-
bers and lower for high Pr numbers. For Pr = 0.1, the thickness is
highest at y = 10 and lowest at y = 2, showing that heat markers
were already carried away from the wall. For Pr = 100, the average
thickness is highest at y = 2 and lowest at y = 10. The number of
events that were associated with the upwards movement of mark-
ers is also shown in Table 1. It can be seen that fewer (and, thus,
larger) eddies contribute to heat transfer for low Pr. For example,
13 events contribute to heat transfer for Pr = 0.1, indicating a ther-
mal streak spacing of (2ph/13) � 73 wall units at y = 2 and an aver-
age eddy diameter of 73/2 = 36.5 wall units. For Pr = 100, the streak
spacing is (2ph/18) � 53 and the associated eddies have a diameter
of about 26 wall units.

The picture that emerges now is that, as the Pr increases, a
smaller percentage of the eddy cross-section ‘‘pumps” heat from
the wall to the outer region. The outer edge of the eddies contrib-
ute to the transfer of heat at higher Pr. Transport at lower Pr is
mostly affected by high molecular diffusion, which results in thick-
er, more diffuse areas of high heat transport. However, what
Table 1
Characteristics of flow structures that move heat markers towards the center of the
channel downstream from an instantaneous line source of heat, and number of
velocity eddies associated with them. Each of the two runs (A and B) involved the
release of 100,000 heat markers at the wall in a turbulent flow channel.

Pr = 0.1 Pr = 0.7 Pr = 6 Pr = 10 Pr = 100

Heat markers captured at 140 < x � xo < 160
t1 31 41 51 61 111
Number of particles – run A 6137 8000 6531 6124 4578
Number of particles – run B 6175 8812 6700 5970 4667

Average thickness of cloud of heat markers moving upwards
y = 2 29.2 31.7 21.3 24.0 22.4
y = 5 31.2 35.6 21.1 24.5 6.5
y = 10 37.9 36.8 19.4 18.5 0.0

Number of upwards flow events
Run A

y = 2 13 13 13 12 20
y = 5 12 12 15 11 10
y = 10 12 12 11 10 0

Run B
y = 2 13 13 18 19 18
y = 5 13 10 21 19 12
y = 10 11 10 13 10 0
happens to the heat markers for both low and high Pr when they
are already pumped to the outer region? Are the heat markers car-
ried back to the channel wall region by the same eddies that take
them away (circulating eddies), or are the heat markers simply just
shot up and away from the channel wall by the eddies? This ques-
tion can be answered by calculating the average normal position as
a function of time of the heat markers that are moving away from
the wall at time t1 (i.e., of those markers that are shown in Figs. 3
and 4). This average position is shown in Fig. 6, in comparison with
the average normal position of all the particles. For Pr = 0.1, the two
lines are almost on top of each other. As the Prandtl number in-
creases, the average normal position of the heat particles that were
moving away from the wall at time t1 is rising higher than the aver-
age normal position of all the particles. This shows that, on aver-
age, the particles that are moving away from the wall at time t1

will continue to move up into the flow field.
The marker velocities in the y and the z directions were studied

for the same subset of heat markers to further verify the findings in
Fig. 6 and to identify velocity structures that are related to turbu-
lent heat flux producing structures. The observations are summa-
rized in the schematic of how the eddies carry heat markers
away from the wall that is shown in Fig. 7. The physical mechanism
of transferring heat away from the wall or towards the wall is asso-
ciated with couples of counter-rotating eddies one next to the
other. The markers are either carried up or moved down by these
two eddies. Low Pr fluids, where the molecular diffusivity effects
are stronger, can pump heat markers upwards easier utilizing
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larger eddies for this purpose, and the markers reach out to the
outer region. For higher Pr fluids, the thickness of the clouds of par-
ticles decreases as shown in Fig. 5, indicating that fewer heat mark-
ers are shot upwards. Those markers continue moving upwards,
towards the center of the channel, in plumes, as they disassociate
from the circular eddies.
4.2. The turbulent Prandtl number

A two-point correlation coefficient can be calculated as

Rccðy;DzÞ ¼ c0ðzoÞc0ðzo þ DzÞ
ðc02ðzoÞÞ1=2ðc02ðzoÞÞ1=2 ð8Þ

The overbar denotes average at a particular y location and
c0ðy; zÞ ¼ Cðy; zÞ � CðyÞ as in Eq. (7). The correlation coefficients for
plane channel flow and for temperature fields resulting for the heat
markers with v0 > 0 (i.e., for fluctuations such as those shown in
Fig. 3) are presented in Fig. 8 for low and high Pr (Pr = 0.7 and
Pr = 100). At the same distance from the wall, the coefficients are
smaller as Pr increases. The same correlation coefficient is shown
in Fig. 9 for plane Couette flow for Pr = 0.7 and 100, respectively.
The main difference from plane channel flow is that there is a min-
imum followed by a maximum that indicates a very strong correla-
tion between the structures that transfer heat. For low Pr, the
correlation coefficients are approximately the same at all distances.
For high Pr, the values of the correlation coefficient are smaller
closer to the wall.
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structures away from the wall in Couette flow: (a) Pr = 0.7, and (b) Pr = 100.
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Fig. 10(a and b) present the length scale that is obtained by the
correlation coefficient as a function of normal distance, which can
be calculated as

LT ¼
Z 1

zo

RccðzÞdZ ð9Þ

for plane channel and plane Couette flow, respectively. The physical
meaning of these length scales is that they characterize the struc-
tures that produce turbulent heat flux. These are the length scales
that would indicate the thickness of thermal streaks in the case of
Eulerian analysis of turbulent heat transfer from the wall. The
length scales are larger in plane Couette flow. In both cases, the
length scales are higher in the outer region. In plane channel flow,
the length scales increase as y increases. The length scales do not
show a distinctive dependence on Prandtl numbers. In plane Cou-
ette flow, the length scale shows dependence on Pr closer to the
wall.

Following the analysis of Crimaldi et al. [22], the turbulent Pra-
ndtl number was calculated as

Prs �
LM

LT
ð10Þ

where LM is the length scale for the fluid particles and LT is the
length scale for the heat markers, both of which were calculated
as in Eq. (9). Note that Eq. (10) is not the ratio of the mixing lengths,
as in the work of Crimaldi et al., but is the ratio of the length scales
obtained with a Lagrangian analysis, which are assumed to be pro-
portional to the mixing lengths. Furthermore, the ratio of the pro-
portionality constants is assumed to be on the order of one, so
that Eq. (10) can yield the turbulent Prandtl number.

The turbulent Prandtl number for plane channel and plane
Couette flows as a function of the distance from the wall is shown
in Fig. 11(a and b), respectively. A statistic Q-test [41] with sample
size of 6 was conducted in order to remove any outlier points at
90% confidence interval. The error bars have a width equal to
two standard deviations calculated based on the data of the differ-
ent simulation runs excluding the outlier points. As presented in
these figures, the average Prs for all cases falls within the error
bars. Based on these results, it can be concluded that there is no
statistically significant dependence of Prs on Pr. There is, however,
dependence on the distance from the wall.

Turbulent Prandtl numbers for fluids with Pr = 0.1, 0.7 and 6 are
compared with previous DNS data by Kawamura et al. [13,14] and
by Kasagi’s group [15] in Fig. 12. The results obtained herein agree
with these previous DNS data. Finding the turbulent Prandtl num-
ber using the length scales obtained through a Lagrangian analysis
has not been accomplished before, but it shows reasonable results
compared to other methods.

5. Conclusions

The correlation between the structure of the velocity field and
the thermal field has been investigated and visualized. The velocity
field has a strong impact on the thermal field. The mechanism of
heat transfer away from the wall was studied using markers of
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heat emitted from single line sources. The presence of these mark-
ers at high concentration in specific locations in the flow field
marked the location of hot or cold areas. Couples of counter-rotat-
ing eddies carry heat particles away or towards the wall. The mark-
ers that move away tend to continue their upwards trajectories
towards the center of the channel and are not carried back down
by the same eddies. For lower Prandtl numbers, the thickness of
the marker clouds are larger and the particles shoot up further into
the outer region, indicating that the thickness of the turbulent heat
flux producing thermal streaks is larger for lower Pr.

The turbulent Prandtl numbers were calculated by the ratio of
the length scales of fluid particles to the length scale of heat mark-
ers at specific Pr. The results showed a good agreement with previ-
ously reported DNS data. However, this Lagrangian methodology of
obtaining the turbulent Prandtl number shows that it has no statis-
tically significant dependence on the fluid Prandtl number, but it
has a dependence on the distance from the wall.
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